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Precision measurements with quantum systems rely on our ability to trace the differences be-
tween experimental signals to variations in unknown physical parameters. In this Letter we derive
the Fisher information and the ensuing Crame´r-Rao sensitivity limit for parameter estimation by
continuous measurements on an open quantum system. We illustrate our theory by application to
resonance fluorescence from a laser driven two-state atom and we show that photon counting and
homodyne detection records yield different sensitivity to the atomic parameters, while none of them
exceed our general result.
PACS numbers: 03.65.Yz, 02.50.Tt, 42.50:Dv
Quantum systems find wide applications in high pre-
cision measurements, e.g., as clocks and as probes of
the strength of perturbations and of inertial effects. For
the situation where an initially prepared quantum sys-
tem is measured after being subject to an unknown in-
teraction, much theoretical effort has been devoted to
identify which are the ideal initial states for such ex-
periments and by which kind of measurement does one
optimally distinguish among close candidate values of
the quantity probed [1]. In this Letter, we derive the
quantum sensitivity limit for a different situation where
continuous measurements are performed on the radiation
emitted over time by an open quantum system. Quan-
tum trajectory analyses [2–4] have been applied to simu-
late how the interplay of random measurement outcomes
and quantum measurement back action gradually filters
the candidate values for system parameters [5–9]. While
the achievement of such filters depend on the detection
scheme applied, we present in this Letter a new, gen-
eral theory which fundamentally limits how properties of
open quantum systems, are revealed by the continuous
interaction with their environment.
Our analysis applies for example to conventional flu-
orescence detection where the radiation emitted sponta-
neously on a laser driven atomic two-level transition is a
function of the detuning, driving field strength and the
atomic decay rate which can therefore be determined,
e.g., by fitting the mean fluorescence intensity at differ-
ent driving frequencies to a Lorenzian frequency profile.
It is easy to understand that this fit improves with the
total number of detected photons, and thus with accumu-
lation time. The fluctuations in the time dependent flu-
orescence signal, however, also contribute important in-
formation, since following each detection event, the atom
jumps to the ground state and is subsequently excited
by the laser field. Unlike the mean fluorescence intensity
which is power broadened and which saturates at high
laser driving power, the distribution of time intervals be-
tween photo detection events is an oscillatory function
Figure 1: (Color online) A quantum system interacts
with the quantized radiation field, the environment,
through emission of photons. Under continuous probing
until time T the emitter quantum state evolves in a
stochastic manner, while in the absence of observation,
the full system and environment may at time T be
described by a pure quantum state |ψ, T 〉.
and it allows, by a Bayesian analysis, a precise discrimi-
nation between even large amplitudes of the driving field
[8, 9].
While we aim to account for the information available
by continuous measurement of the emitted radiation dur-
ing a time interval [0, T ] , we note that such measurement
signals can be equivalently obtained from correlations in
the freely propagating field occupying regions of space
at different distances from the emitter, i.e., from a joint
measurement on the quantum state |ψ, T 〉 of the system
and the environment at the final time, see Fig. 1. The
theoretical parameter estimation sensitivity associated
with time dependent field measurement records is there-
fore identical to the estimation sensitivity for the corre-
sponding final state measurement on the tensor product
space of the system and the environment. We can hence
formally apply the theory by Braunstein and Caves, [10],
which determines the resolution limit for the determina-
tion of an unknown parameter θ through measurements
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2on a quantum system in a pure state which is a function
of θ, see also [11–14].
Since infinitely many modes are occupied, and since
the number of emitted quanta grows with time, the full
quantum state of the emitter and the quantized field is
not tractable in a practical calculation. As we shall show
in the following, however, the sensitivity limit given by
Braunstein and Caves, can be easily calculated, as long
as the system-environment interaction permits applica-
tion of the Born-Markov approximation. This includes
to an excellent approximation the emission of light by
laser driven atoms, but also other system-environment
situations, such as microwave emission in circuit QED
systems [15], are represented well by our analysis. The
Born-Markov approximation ascertains that we can dis-
cretize the time evolution such that the emitter effectively
interacts with independent environment degrees of free-
dom in each new time interval [ti, ti+ δt]. For atom-light
interaction, these degrees of freedom correspond to the
quantized radiation field modes occupying shells at dif-
ferent propagation distances from the emitter, cf. Fig. 1.
The total emitter and environment Hilbert space at time
T = Nδt is hence decomposed as the tensor product of
the state space of the light emitting system and N radi-
ation field Hilbert spaces, where a unitary operator Uti
acts on the emitter and on the corresponding environ-
ment sub-system in each time interval.
By associating with each environment subspace an
M -dimensional Hilbert space with states |mi〉, m =
0, . . .M − 1, and assuming that each subspace is ini-
tialized in a definite state |0i〉 prior to interaction with
the emitter at ti, we ensure the Markovian behaviour of
the system-environment interaction, and we establish an
analogy with the work by Gut¸a˘ on system identification
in quantum Markov chains [16]. The derivation of results
later in this Letter specific to the continuous time mas-
ter equations may thus be viewed as an implementation
of the more general quantum Markov chain framework,
addressed in [16], see also [17, 18].
After the system-environment interaction the com-
bined state at time T can be written
|ψ;T 〉 = UtN−1 . . . Ut0 |ψ0S〉⊗ |0N−1, . . . 00〉
=
∑
m0,...mN−1
ΩmN−1 . . .Ωm0 |ψ0S〉⊗ |mN−1, . . .m0〉 (1)
where |ψ0S〉 is the initial state of the small system. The
operators Ωmi identify the action on the emitter at
times ti associated with the transfer of the field sub-
system from |0i〉 to |mi〉: In a basis {|kS〉} for the emit-
ter Ωmi has the matrix representation 〈kS |Ωmi |k′S〉 ≡
〈kS ,m|Uti |k′S , 0〉.
A projective measurement performed on the emitted
field with outcome mi projects the environment sub-
system on the definite eigenstate |mi〉 with 0 ≤ mi < M
and thus causes a measurement back action on the emit-
ter given by the corresponding operator Ωmi . These
operators thus constitute measurement effect operators
[4], and unitarity of Uti ensures that they form positive
operator-valued measures (POVM), i.e.,
∑
m Ω
†
miΩmi =
1. To a particular time dependent outcome signal
m0, . . .mN−1 corresponds a single term in the sum in
Eq.(1), which constitutes the stochastic wave function or
quantum trajectory |ψTS 〉c ∝ ΩmN−1 . . .Ωm0 |ψ0S〉 of the
emitter conditioned on the measurement record [2–4].
The unitary operators Uti , and hence the measurement
effect operators Ωmi , depend on the parameters θ that we
want to estimate by observation of the signal emitted by
the quantum system. Evaluating the trace over a com-
plete basis for the environment, one obtains the reduced
system density matrix, which evolves according to the
θ-dependent linear map ρti =
∑M−1
m=0 Ωm(θ)ρti−1Ω
†
m(θ).
For an infinitesimal time step δt, the evolution assumes
the Lindblad form master equation (~ = 1)
dρ
dt
= Lθ(ρ) = (
∑
m
Ωm(θ)ρtΩ
†
m(θ)− ρ(t))/δt
=
1
i
[H, ρ] +
∑
c
(LcρL
†
c −
1
2
(L†cLcρ+ ρL
†
cLc). (2)
In passing to the second line in (2), we have introduced
a different summation index c to indicate that environ-
ment state projections may be combined into a differ-
ent number of relaxation terms in the reduced system
master equation. One may for example associate dif-
ferent directions of emitted photons with the same final
ground state of the atom. A Lindblad master equation
does not uniquely specify the measurement effect oper-
ators, but it may suggest a simple form of no-jump and
jump dynamics [3], corresponding to null-measurements
and single photon counts in the case of resonance fluo-
rescence. Thus, with a system Hamiltonian H, we may
have Ω0 = 1 − i(H − i2
∑C
c=1 L
†
cLc)δt and Ωc = Lc
√
δt,
1 ≤ c ≤ C.
For a quantum system which is prepared in a pure
quantum state |ψ; θ〉 that depends on a parameter θ,
Braunstein and Caves [10] identified the general mea-
surements whose outcome data yield the best parameter
sensitivity, and they identified the corresponding state
dependent quantum Fisher information I(θ) with the
Bures metric on the quantum state space. An asymp-
totically large number K of independent measurements
with outcome data probabilities that are conditioned on
an unknown parameter θ permits a Bayesian estimate
of θ with a variance given by the Crame´r-Rao bound,
Var(θˆ) ≥ 1KI(θ) . For the estimation of a vector θ ∈ Rn of
n real unknown parameters, θα, the Crame´r-Rao bound
correspondingly limits the estimation by a covariance ma-
trix [KI(θ)]−1 for the, possibly correlated, errors, where
the quantum Fisher information matrix can be similarly
identified with the Bures metric tensor, see, e.g., [19],
3and reads,
Iαβ(θ) = 4<(〈∂αψ|∂βψ〉 − 〈∂αψ|ψ; θ〉 〈ψ; θ|∂βψ〉). (3)
In (3), < denotes the real part and |∂αψ〉 ≡ ∂ |ψ; θ〉 /∂θα.
An equivalent expression for the quantum Fisher In-
formation matrix involves the variation of the overlap
〈ψ; θ1|ψ; θ2〉 of states depending on two values of the vec-
tor of variables θ1, θ2 ∈ Rn,
Iαβ(θ) = 4∂
1
α∂
2
β(log |〈ψ; θ1|ψ; θ2〉|)|θ1=θ2=θ, (4)
where ∂
1(2)
γ is defined as the derivative with respect to
the γ-component of θ1 (θ2).
These expressions for the Fisher information apply
when we insert the joint state of the system and envi-
ronment (1). But, that state is not available in practice,
and it is a main result of the present Letter that we do
not need to know the full pure quantum state to evaluate
the overlap and the derivatives in Eqs.(3,4). From Eq.(1),
we observe that the inner product 〈ψ;T, θ2|ψ;T, θ1〉 can
be written as TrSys,Env(|ψ;T, θ1〉 〈ψ;T, θ2|) which can in
turn be written TrSys(ρθ1,θ2(T )), where the action of
the operators ΩmN−1(θ1) . . .Ωm0(θ1) from the left, and
Ω†m0(θ2) . . .Ω
†
mN−1(θ2) from the right, is accumulated in
the generalized, reduced density matrix ρθ1,θ2(T ). Due
to the similarity with the first line in (2), we notice that
ρθ1,θ2(t) can be defined and calculated as the solution to
the generalized master equation
dρ
dt
≡ Lθ1,θ2(ρ), (5)
where Lθ1,θ2(ρ) = (
∑
m Ωm(θ1)ρΩ
†
m(θ2)− ρ)/δt.
Setting θ1 = θ2 in (5), we recover the usual trace pre-
serving master equation, while for different θ1 and θ2, (5)
yields the non-trivial value of 〈ψ;T, θ2|ψ;T, θ1〉, that we
need to calculate the Fisher information. For a quantum
emitter of Hilbert space dimension L, the master equa-
tion involves only the solution of L2 coupled differential
equations, which can be readily done if L is not too large.
Solving the generalized master equation (5) for (θ1, θ2) in
a neighborhood of (θ, θ) we may numerically determine
the derivative in (4).
If the system Hamiltonian and the coupling to the en-
vironment are not explicitly time dependent, a unique
stationary eigenstate of the usual Lindblad master equa-
tion (2) obeys, Lθ(ρs) = 0, and Lθ1,θ2 has an eigenvalue
λs(θ1, θ2) which in a small neighbourhood around (θ, θ)
is smoothly connected to the vanishing eigenvalue of Lθ.
Assuming that all other eigenvalues of Lθ, and hence of
Lθ1,θ2 , have finite (negative) real part, the overlap can,
for times T much longer than the corresponding relax-
ation times of the emitter, be approximated by a single
term
TrSys(ρθ1,θ2(T )) ∼ eTλs(θ1,θ2)cs(θ1, θ2), (6)
where cs(θ1, θ2) is the expansion coefficient of the initial
system state |ψ0S〉〈ψ0S | on the eigen-matrix of Lθ1,θ2 with
eigenvalue λs. Inserting this into (4) we get
Iαβ ∼ 4T∂1α∂2β<(λs(θ1, θ2))|θ1=θ2=θ +O(1). (7)
Rather than relying on numerical differentiation, we can
use perturbation theory around (θ1, θ2) = (θ, θ) in the
original master equation (2). This leads to an expression
for ∂1α∂
2
βλs involving operator expectation values deter-
mined in the steady state ρs [20].
Signal contributions separated by more than the emit-
ter correlation time, are qualitatively independent, and
hence we may regard the full signal as a number of in-
dependent contributions which is proportional to the to-
tal data acquisition time, while the parameter sensitiv-
ity further invokes the dependence of the dynamics on
the parameter in question. The result (7) confirms this
qualitative expectation: the Fisher information in the
emitted signal is, indeed, proportional with time and we
have provided a method to calculate the constant of pro-
portionality. The master equation (2) is invariant under
(θ-independent) unitary basis transformations on the en-
vironment sub-systems. Our expression for the Fisher
information therefore does not depend on the choice of
environment basis, and the Crame´r-Rao bound thus lim-
its the estimation capability of any conceivable time de-
pendent field measurement.
Let us illustrate the application of our formalism by
considering a two-state atom with a ground state |g〉 and
excited state |e〉 driven by a laser detuned from resonance
by ∆ and with a Rabi-frequency Ω. The excited state
decays by fluorescence emission with a rate κ, given in
the usual way by the coherent coupling strength to the
quantized radiation field and the density of field modes.
Regardless of the kind of measurement performed on
the fluorescence signal, the reduced system master equa-
tion is given by (2) with the Hamiltonian H = ∆ |e〉 〈e|+
Ω/2(|e〉 〈g|+ |g〉 〈e|) and a single Lindblad (jump) opera-
tor L =
√
κ |g〉 〈e|. We assume that ∆, Ω and κ all are in
dimensionless units, e.g., relative to a reference frequency
standard.
Let us first assume that both the Rabi frequency and
the decay rate are known. The quantum Fisher informa-
tion for estimation of the detuning ∆ can then be de-
termined by the methods described above, and its slope
with respect to time is shown as a function of the de-
tuning by the solid line in the upper panel in Fig. 2
(assuming Ω = 1, κ = 1/2). For reference, the Fisher
information can be computed by a Bayesian likelihood
analysis for counting [8, 9] and homodyne detection [8],
see also [5, 6], with the results shown as the long and
short-dashed lines in the figure. We observe that the
two detection schemes offer different degrees of resolu-
tion: Near a vanishing detuning, the fluorescence inten-
sity has a maximum, and photon counting is not sen-
sitive to small detuning changes, while phase sensitive,
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Figure 2: Fisher information, divided by the total
measurement time, for the probing of light emission by
a two-level atom. The upper panel shows the Fisher
information for estimation of the detuning ∆, the
middle(lower) panel shows the Fisher information for
estimation of the Rabi frequency Ω (decay rate κ).
Within each plot, the solid line shows the quantum
Fisher information, which bounds any measurement
strategy, while the long (short) dashed lines show the
Fisher information for photon counting (homodyne
detection).
homodyne detection yields a finite Fisher information.
For larger detuning, however, the counting signal yields
more information than homodyne detection, and both
stay below the general limit.
In the second panel we present the quantum Fisher in-
formation for estimation of the Rabi frequency Ω, in the
vicinity of Ω = 1, as a function of the known detuning,
and assuming κ = 1/2. In the third panel we present the
quantum Fisher information for estimation of the decay
rate κ, in the vicinity of κ = 1/2, as a function of the
known detuning, and assuming Ω = 1. At zero detun-
ing, the counting signal exhausts the information avail-
able about the Rabi frequency and about the decay rate,
and for all detunings, counting yields better sensitivity
to both parameters than homodyne detection. The three
panels only display the diagonal elements of the Fisher
information matrix, I∆∆, IΩΩ and Iκκ, and they yield
the limit for how well one may estimate any of the pa-
rameters if the other two are known, while the full Fisher
information matrix is needed to estimate the errors if two
or all three parameters are unknown.
If the system Hamiltonian or the system-environment
interaction are time dependent, or if the system is inter-
rogated for only a finite time, the system density ma-
trix does not converge to a stationary state, and the
above eigenvalue analysis does not apply directly. We
can still, however, determine the Fisher information by
solving the time dependent, generalized master equation
(5) with different parameter values (θ1, θ2) and subse-
quently determine the derivatives numerically. Alterna-
tively, we can apply linear response theory and obtain an
expression which involves a two time correlation function,
which may in turn be evaluated by use of the quantum
regression theorem. Such a calculation, which is briefly
indicated in the Supplementary Material [20], is a reflec-
tion of the fact that while the emitted field is formally
eliminated in the reduced system master equation (2),
the fluctuating field observables, subject to our detec-
tion, can in the Heisenberg picture be expressed in terms
of the system dipole operator [21]. The master equation
and the quantum regression theorem thus yield equations
of motion for both mean values and two- and multi-time
correlation functions of the emitted field [22].
Notably, with the possibility to treat a time dependent
system-environment interaction, we have also the possi-
bility to describe a system coupled to different meter de-
grees of freedom, and hence we can also account for the
Fisher information associated with measurements carried
out over time, and possibly at the end of the experiment,
on the small quantum system itself.
If the reduced system density matrix populates a sub-
space that does not couple to the environment and if it
occupies a superposition state that evolves with a fre-
quency proportional to the unknown system parameters,
a final measurement on the system rather than on the
emitted radiation yields a parameter resolution of 1/T
and hence a Fisher information I ∝ T 2 rather than
I ∝ T . This case violates our eigenvalue analysis be-
cause of the existence of more than one eigenvalue with
vanishing real part, while a more careful treatment in-
deed yields the different scaling of the Fisher informa-
tion with time. For a detailed discussion and an example
of this particular situation, see [16]. Note that the two-
time integral in calculations using linear response the-
ory and the quantum regression theorem scales with T ,
if the system correlations have finite lifetime, while it
scales quadratically with T if they are undamped [20]. A
similar change of the Fisher information between linear
and quadratic scaling was observed in a recent analysis
of weak value probing [23]. We believe that this result
reflects how probing itself gives rise to a damping term in
the reduced system master equation. In the limit of van-
ishing probe interaction, the system evolves freely, and
the parameter resolution scales with 1/T .
In summary, we have derived general expressions for
the limit by which the monitoring of an open quantum
system described by a Lindblad master equation can yield
precise information about unknown system parameters.
5For the example of a light emitting two-level atom, Fig. 2
compares the general sensitivity with the ones calculated
by a Bayesian likelihood analysis for photon counting
and homodyne detection. This quantative analysis on
the one hand confirms the validity of our analysis, and
on the other hand it raises a natural question concerning
which measurement schemes achieve the highest sensitiv-
ity limit. Further candidate measurement schemes that
may be worth investigating include weak field homodyne
detection [24], hybrid counting and homodyne detection
[25], and adaptive measurements [26, 27].
From a more general perspective, our work may also
be the starting point for investigations of how bounds
from quantum information theory and complementarity
arguments may limit the ability to actually achieve the
Crame´r-Rao bound for certain combinations of param-
eters, e.g., associated with non-commuting interaction
Hamiltonians, and for restricted types of measurement.
Due to the formal similarity of the quantum trajectory
terms in (1) with Matrix Product States [28, 29], and to
their association with dynamical phase transitions and
criticality [30], we also expect that our method may lead
to identification of systems and parameter regimes with
sensitivity scaling different from 1/
√
T and 1/T , cf, the
sensitivity of quantum many body systems near phase
transitions [19, 31].
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